In the Fe-Be binary system, the solubility of Be in the -Fe phase deviates significantly from the so-called Arrhenius equation near temperatures of 600 C. The metastable ordering of the bcc structure in this binary system is expected to play a key role in the phase boundary anomaly. Thus, a thermodynamic analysis of the Fe-Be binary system has been performed considering the ordering behaviour of the bcc phase. The total energies of the ordered structures based on the bcc lattice were obtained using ab initio energetic calculations. The cluster expansion method was applied to the results, and the free energies at finite temperatures were calculated for the bcc solid solution. The formation energy of the phase was also calculated using band-energy calculations. The results were analysed together with some experimental data using the sublattice model, and the equilibrium phase diagram was calculated. The results support the formation of a metastable (bcc + B2) two-phase region accompanied by an ordering of the bcc structure. This metastable ordering of the bcc phase was the dominant factor governing the anomalous change in the solubility of Be in the higher temperature range.
Introduction
It is well known that the solubility of Be in bcc Fe () deviates significantly from the Arrhenius equation; i.e., a proportional relationship exists between the logarithm of the solubility and the reciprocal of the temperature. Takayama et al. 1, 2) detected this anomaly experimentally in the Fe-Be binary system and showed that the behaviour could be attributed to the magnetic transition of bcc Fe. According to their thermodynamic analysis, the solubility limit of the FeBe 2 () phase in the binary system was approximated using the following expression
where Q p and Q f are the paramagnetic and ferromagnetic terms of the free energy change associated with the dissolution of the FeBe 2 phase into the phase, and are described by
In eq. (2), ½ÁG represent the Gibbs energy of formation for the FeBe 2 phase, the interaction energy between Fe and Be atoms in the paramagnetic phase, the ferromagnetic free energy, and the ferromagnetic entropy of pure Fe, respectively. In terms of eqs. (1) and (2), it can be understood that the solubility limit deviates from the Arrhenius relation when ÁT Be , the descent rate of the Curie temperature with an addition of Be to pure Fe, is highly negative. However, the interpretation of the anomaly in the solubility line on the basis of eq. (1) requires ÁT Be ¼ À1800 K, 2) which is much more negative than the experimental result of À1250 K. 3, 4) A thermodynamic analysis 5) assuming ÁT Be ¼ À1250 K cannot reproduce the solubility of Be in the phase with sufficient accuracy.
On the other hand, the age hardening of this alloy has been investigated experimentally in relation to the anomaly in the solubility of Be. [6] [7] [8] [9] [10] [11] The results are summarized in Ref. 12) , and a brief outline of the ageing process of this alloy is as follows. The disordered bcc structure forms in the initial stage, and consequently, the B2-type ordered structure separates in the bcc phase. A h100i modulated structure with changes in concentration was observed in some samples using electron microscopy. This ordering of the bcc structure possibly influences the solubility of Be.
Therefore, in the present study, a thermodynamic analysis of the Fe-Be binary system was carried out considering a metastable ordering of the bcc structure, to clarify the origin of the anomaly in the solubility.
Calculation Procedures
The construction of phase diagram calculations based on experiments and thermodynamic analysis are generally referred to as the Calculation of Phase Diagrams (CAL-PHAD) approach. This method provides a very accurate understanding of the properties originating in the macroscopic character of the material under study. However, a shortcoming of this approach is that it is hard to obtain information on metastable equilibria, or on undiscovered phases, since the thermodynamic parameters from this method can only be evaluated from experimental data. Such serious problems, which are intrinsic to the CALPHAD approach, may be solved with the assistance of the firstprinciple energetic-calculation method. Thus, in the present study, some thermodynamic quantities for bcc structure obtained by the ab-initio approach will be introduced in the conventional CALPHAD-type analysis of the Fe-Be binary system.
Ab initio calculation of the Gibbs free energy
The bcc phase is a metastable phase located in the central part of the phase diagram, and thus, the thermodynamic properties in this region are unknown. To clarify the uncertainty of the thermodynamic properties, the formation energies of some bcc-based ordered structures were calculated using the Full Potential Linearized Augmented Plane Wave (FLAPW) method. The formation energy of the (C14) phase was also derived in the same way.
An outline for deriving the Gibbs free energies of the bccbased structures incorporating the ab initio calculations is as follows.
First, a set of superstructures {A-A2, A 3 B-D0 3 , AB-B2, AB-B32, AB 3 -D0 3 , and B-A2} was selected to be representative of a series of bcc-based ordered phases, the total energies were calculated using the WIEN2k 13) procedure, based on the FLAPW method. The generalized gradient approximation (GGA) 14) was used for the exchange and correlation potentials. Muffin-tin radii of 2.0 au for Fe and Be were assumed, and RK max was fixed to 9.0, which almost corresponds to the cut-off energy of 20 Ry.
With the total energies known, the formation energy of the bcc-based superstructures, ÁE form , is defined by averaging the total energy of the elements with chemical composition to the segregation limit, as shown in the following equation
where denotes the type of superstructure and V is the volume.
Then, the effective cluster interaction energies, fv i ðVÞg, can be extracted from these formation energies using the Cluster Expansion Method (CEM) developed by Connolly and Williams. 15) This leads to a set of compositionindependent parameters, from which the energy of the set of superstructures can be reproduced in terms of a set of correlation functions f i g,
where, v i ðVÞ is the effective interaction energy of the i-point cluster, and i is the correlation function for cluster i in the phase .
i is defined as the ensemble average of the spin operator, ðpÞ, which takes values of AE1, depending on the atom occupancy of the lattice site, p. The values of i for the superstructures considered in this study are summarized in Table 1 . The formation energies to the segregation limit for the Fe-Be binary system in the D0 3 , B2, B32, and A2 structures in the ground state are summarized in Table 2 . The formation energy of the (C14) phase is also listed in Table 2 .
The upper limit of the summation in eq. (4), , specifies the largest cluster that participated in the expansion. In this study, we considered a tetrahedron as being the largest cluster, since in the bcc structure, the tetrahedron forms an irregular shape containing both the first-and second-nearest neighbour distances. The second pair interaction was also taken into account, which leads to the consequence that mathematically, five should represent six types of cluster.
From Table 1 , we can see that f i g is a 6 Â 6 matrix, and that it is a regular matrix. The matrix inversion of eq. (4) yields the effective interaction energies as
The Gibbs free energies of the metastable bcc-based phase in the Fe-Be binary system were evaluated using the effective cluster interaction energies up to the tetrahedron cluster, including second pair interaction as Table 2 The formation energies to the segregation limit for the Fe-Be binary system in the D0 3 , B2, B32, and A2 structures in the ground state. The formation energy of the (C14) phase is also listed. At a finite temperature, T, the free energy of a phase of interest, ÁG, can be obtained by adding a configurational entropy term, ÁS, to the internal energy, as follows 16, 17) ÁG
We used the cluster variation method (CVM) with the tetrahedron approximation to calculate the configurational entropy. For the bcc structure, the entropy formula is
where x i ; y ij ; y ij ; z ijk , and w ijkl are the cluster probabilities of finding the atomic configurations specified by the subscript(s) at a point, the nearest neighbour pair, the second-nearest neighbour pair, the triangle, and the tetrahedron clusters, respectively, and N is the number of lattice points.
Minimizing the grand potential with respect to all the correlation functions allows for the Gibbs energy of mixing to be obtained as a function of composition at a constant temperature, T.
Thermodynamic analysis
The Gibbs energy expression for the terminal solid solutions (bcc), (fcc), -Be (hcp), and -Be (bcc), the intermediate phases (C14), (C15), and ", and the liquid phases will be described in this section.
The regular solution approximation was applied to the liquid, (fcc), -Be, and -Be phases. The molar Gibbs energy was calculated using the following equation
where G i denotes the Gibbs energy of element i. This quantity is called the lattice stability parameter, and is described by the formula
denotes the enthalpy of the pure element i in its stable state at 298.15 K. The parameter L Be,Fe denotes the interaction energy between Be and Fe, and has a compositional dependency following the Redlich-Kister polynomial as
To describe the bcc-B2 transition in the thermodynamic modelling, the Gibbs free energy of the bcc phase was represented according to the two-sublattice model.
18) The Gibbs energy for one mole of phase, denoted as (Fe,Be) m (Fe,Be) n , was represented by the two-sublattice model as shown in eq. (12) .
The term y s i denotes the site fraction of element i in the sublattice s. The terms m and n are variables denoting the size of the sublattice s, and straightforwardly, the relationships of m ¼ 0:5 and n ¼ 0:5 hold for the B2 structure.
G i:j denotes the Gibbs energy of a hypothetical compound ij, and terms relative to the same stoichiometry are identical, whatever the occupation of the sublattice. The excess Gibbs energy term, ex G , contains the interaction energy between unlike atoms, and is expressed using the following polynomial.
ex G ¼ y 
is the interaction parameter between unlike atoms on the same sublattice.
The Gibbs energies of the (C14) and (C15) phases were described using the two-sublattice model assuming m ¼ 0:333, n ¼ 0:667 and m ¼ 0:25, n ¼ 0:75, respectively. The " phase was represented as the stoichiometric line compound, Fe 0:1 Be 0:9 .
The magnetic contribution to the Gibbs free energy, G mag , was given by the expression
where
and
The variable is defined as T=Tc, where T C is the Curie temperature, and is the mean atomic moment expressed in Bohr magnetons, B . The parameter p depends on the structure, and p ¼ 0:4 for the bcc phase and p ¼ 0:28 for the fcc phase.
Discussion

Thermodynamic analysis of the Fe-Be binary system
An intensive critical assessment of this binary system has been carried out. 5) According to the assessed diagram based on the work by Aldinger and Petzow, 19) the Fe-Be binary system is composed of the (bcc), (fcc), (C14), (C15), ", -Be (hcp), -Be (bcc), and the liquid phases.
The liquidus boundaries of the binary system have been investigated. 3, 4, [20] [21] [22] Three invariant reactions concerning the liquid phase occur, L + , L + -Be, and L + , as described in detail by Okamoto. 5) In addition, the eutectoid reactions of -Be -Be + , and -Be + " are known at lower temperature. The solidus boundary for the phase is not well defined, while the solvus boundary has been investigated. 1, 2) The observed trend was in good agreement with the earlier work.
23) The Curie temperatures of Fe-rich Fe-Be alloys have been determined, 3, 4) and the Curie temperature of the phase was changed to À1250 K based on these results. The age hardening process of the phase was studied because of the anomalous change of the solubility line. Several intermediate stages were found before the final equilibrium condition was attained in the age hardening process. The initial stage of the process was a modulation of the homogeneous bcc structure, and the modulations developed into metastable precipitates with structures related to the matrix. It is generally agreed that the modulation gives rise to two phases: the disordered bcc and the B2 type of metastable ordered phase. The stable phase then finally precipitates. A metastable phase boundary for the (bcc + B2) two-phase region has been proposed 12) using several sets of experimental data, [24] [25] [26] and Ino 12) has proposed a pairwise interaction model to explain the metastable phase relationships.
The information on the experimental data on the phase boundaries and other thermodynamic quantities were thermodynamically analysed together with the estimated metastable quantities of the bcc phase. The evaluated parameters of the Fe-Be binary system are shown in Table 3 . The descriptions of the lattice stability parameters for each pure element were obtained chiefly from the Scientific Group Thermodata Europe (SGTE) data file.
27) The Gibbs energies of mixing in the bcc solid solution at 227 and 727 C are denoted by the square symbols in Fig. 1 . For comparison, the values obtained by the present assessment are drawn using the solid lines for the ordered state (BCC B2) and the disordered state (BCC A2), respectively. The convex curvature of the free energy in the vicinity of the equiatomic composition corresponds to the formation of the B2 structure. The calculated results of the Fe-Be phase diagram are compared with the experimental data 1, 3, 4, 20, 21, 23, 28, 29) in Fig. 2 . The shaded area shown in Fig. 2 is the metastable (bcc+B2) two-phase region, which is accompanied by the ordering of the bcc structure on formation. The dotted line shows the order-disorder transition line, along which the two-phase field expands into the higher temperature range.
3.2 Effect of the order-disorder transition on the solubility limit The solubility of Be in the phase is shown in Fig. 3 . The solubility would be denoted by the broken line if there were neither an order-disorder transition nor a magnetic transition in the bcc Fe phase. This is approximated by the straight line following the Arrhenius law for dilute solutions. Thus, the deviation of the solubility from the ideal Arrhenius law is represented by the shaded areas. The dashed lines show the order-disorder transition temperature and the magnetic transition temperature of the bcc Fe phase. The solubility of Be decreases in the lower temperature region below 650 C, while it increases in the higher temperature region. The decrease in solubility in the lower temperature region can be explained from the viewpoint of the change in magnetism. 1, 2) On the other hand, the solubility increases owing to the order-disorder transition of the bcc phase in the higher temperature range. Figure 4 shows the change in the order parameter along a solubility line for the phase. The order parameter was defined by the following equation
The solubility line in Fig. 4(a) intersects the order-disorder transition line indicated by the dotted line at about 650 C. As can be seen in Fig. 4(b) , the order parameter along the solubility line increases at a higher temperature than 650 C, yielding the progress of the B2 ordering in the bcc disordered phase.
The solubility of Be can be approximated from the equilibrium condition as follows. The chemical potentials of Fe and Be are derived from eq. (12) as eqs. (19) and (20), respectively, 
where the relationship, ÁG ¼ G Fe:Be þ G Be:Fe À G Fe:Fe À G Be:Be holds. In deriving eqs. (19) and (20), the magnetic free energy term, G mag , was excluded, because a temperature range higher than the magnetic transition point is considered here. The atomic fractions of the elements on each sublattice are expressed in terms of the order parameter as eq. (21).
The equilibrium condition between the and phases is shown in eq. (22), assuming that the ideal stoichiometry of the phase is FeBe 2 .
Substitution of eqs. (19) and (20) 
Fe-Be G 3.3 Relationship between ordering accompanied by phase separation and interatomic interactions The coexistence of ordering and phase separation, as seen in the Fe-Be system, has been explained using pairwise atomic interactions. 12) That is, the ordering occurs in the crystal lattice owing to the attractive interaction between nearest neighbour atoms. The difference in size of unlike atoms results in a strain energy, which leads to an instability in the system. The atoms change their positions to lower the total energy of the crystal, and consequently, a separation of the ordered and disordered structures develops. The interatomic interactions were estimated by expanding the total energies of the ordered structures obtained from the bandenergy calculations.
Using the Murnaghan equation of states, 30) as shown in eq. (26), the total energies of the A2, B2, B32, and the D0 3 structures were expressed as a function of the volume
where B, B 0 , and V 0 are the bulk modulus, its pressure derivative, and the equilibrium volume, respectively, at normal pressures. Table 4 shows the coefficients in eq. (26) for each ordered structure. In Table 4 , EðVÞ is the total energy of each ordered structure in the equilibrium volume of the B2 structure; i.e., V 0 ¼ 124:0438 (au 3 ). The formation energy of each structure is represented as ÁE form , by defining the average concentration of the total energy of the bcc Fe and the bcc Be phases at the segregation limit. By applying eq. (5) to these formation energies, the effective interaction, fv i ðVÞg, corresponding to each cluster was calculated, as shown in Table 5 . The positive numbers define the attractive force working between unlike atoms.
In Table 5 , v 2 represents the interaction energy between the nearest neighbour atoms, while v 3 denotes the nextnearest neighbour interaction. This qualitative explanation concerning the coexistence of the ordering and phase separation 12) seems to be supported by our calculations. However, the interaction energy at the next-nearest neighbour position is extremely small, and is almost 1/6 that at the nearest neighbour position. Furthermore, according to another paper we have published on a thermodynamic analysis of the Co-Al system, 31) the coexistence of the A2 and B2 structures is possible, even in the case where the first-and second-nearest neighbour interactions have positive numbers. Based on this knowledge, the attractive interaction at the nearest neighbouring position is the predominant factor in the coexistence of the ordering and phase separation, and the contribution of the chemical next-nearest neighbour interaction may be rather small.
Conclusions
A thermodynamic analysis of the Fe-Be binary system was performed to examine the relationship between the anomalous change in the solubility and the metastable ordering of the bcc phase. The total energies of the A2, B2, B32, and D0 3 structures in the ground state were calculated using the FLAPW method. The cluster expansion method was applied to these results, and the effective interaction energies for a tetrahedron cluster were obtained, and the free energies at Effect of the Order-Disorder Transition of the bcc Structure on the Solubility of Be in the Fe-Be Binary Systemfinite temperatures were calculated for the metastable bcc solid solution. The formation energy of the phase was also calculated using band-energy calculations. The results were analysed together with some experimental data using the sublattice model, and the equilibrium phase diagram was calculated. The results are summarized as follows.
(1) The calculated binary phase diagram was consistent with the experimental data concerning the phase boundaries, thermodynamic quantities, and the Curie point, and also with the metastable Gibbs energy for the bcc phase calculated using the first-principle technique. (2) The solubility of Be decreases at temperatures lower than 650 C from the magnetic transition, while it increases at higher temperatures owing to the orderdisorder transition of the bcc structure. (3) The predominant factor in the coexistence of the ordering and phase separation, as observed in the FeBe binary system, is supposed to be the attractive interaction at the nearest neighbouring position.
